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We study an eigenvalue problem in RY which involves the p-Laplacian (p > N > 2) and the nonlinear term
has a global (p — 1)-sublinear growth. The existence of certain open intervals of eigenvalues is guaranteed
for which the eigenvalue problem has two nonzero, radially symmetric solutions. Some stability properties of
solutions with respect to the eigenvalues are also obtained.
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1 Introduction
Consider the problem
—Apu+ |u|Z’72 u = a(z)f(u), =z€ RY, we Wl’p(RN) , P

where ) is a positive parameter, o : RN — R is a measurable function and f : R — R is a continuous function.
We assume 1 < p <ooand N > 1.

In the case when p < N, closely related problems to Eq. (P ) have been extensively studied. Existence and
multiplicity results for Eq. (P1) can be found for instance in the papers [2, 3, 21, 22] for the semilinear case
(i.e., p = 2), while for quasilinear problems (i.e., p # 2) important contributions to Eq. (P) can be found
in [11]. When f is not necessarily continuous, related problems to Eq. (P)) were considered in [8, 9]. The
reader is referred to [14, 19, 20] in order to find multiplicity results for very general eigenvalue problems. The
aforementioned works have a common feature; namely, the involved nonlinearities have some sort of superlinear
growth at infinity.

The purpose of this paper is to ensure the existence of multiple solutions for Eq. (P ), completing the above
papers from two aspects. More precisely, we will investigate Eq. (P ) under the following conditions:

O p>N=2,
and

(ii) f has a global (p — 1)-sublinear growth, i.e.,

(A) There exist C' > 0 and 1 < y < p such that
F(9)] < C(1+]s"), seR.

The main difficulty studying Eq. (P ) lies on the fact that no compact embedding is available for W (RY).
In spite of the fact that the embedding W7 (R”) < L>(R") (p > N) is continuous, it is not compact. On the
other hand, Lions [12, Théoréme II. 1] proved that the subspace of radially symmetric functions of WP (RN ),
denoted further by W,»?(R"), may be compactly embedded into L9(R") if p > N > 2 andp < ¢ < oc.
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Unfortunately, this embedding fails to be compact for N = 1 or ¢ € {p, co}. However, as a limit case, one can

still prove that W,1-P (RN ) can be compactly embedded into L*>° (RN ) whenever p > N > 2 (cf. Proposition
2.3); this fact will be indispensable in our arguments.

Denote by F(s) = [; f(t)dt. We introduce the energy functional £, : W'?(R") — R associated to
problem (P}) Wthh is deﬁned by

En(u) = Hunwlp A/ 2))de.

o L . . def . .
Due to the principle of symmetric criticality, the critical points of Ry = &) become critical points of

|WivP<RN>
&y as well, so radially symmetric, weak solutions of Eq. (P ) (cf. Propositions 2.2 and 2.1). Beside of condition

(A), we make the following two assumptions:
(B) There exists v > p such that
F(s)

limsup ——= < oo;
s—0 |8

(€) a e L'(RN)NL®(RY),a > 0,and

supessinfa(z) > 0 and sup F(s) > 0.
R>0 |z|<R seR

First of all, we emphasize that neither (B) nor (C) cannot be dropped in view to obtain multiple solutions for
Eq. (Py). Indeed, take first f = 0. Then (B) is clearly verified while (C) fails and Eq. (P ) has only the trivial
solution for every real A. On the other hand, if we take f = 1 and a(z) = (1 + [z|V) 2 then (C) holds while
(B) fails. One can check that R is bounded from below, satisfies the Palais—Smale condition (cf. Propositions
3.2 and 3.3, where only condition (A) is used), and it is strictly convex. Therefore, a unique critical point of R
may exist which will be exactly its global minimum.

As far as the multiplicity of solutions of Eq. (P)) is concerned, we are going to prove first that for enough
“large” A’s the infimum of R is strictly negative (which ensures the existence of a negative critical level), while
another critical point of R (with strictly positive energy) is obtained by the classical Mountain Pass theorem.
Furthermore, we obtain information about the stability of the solutions with respect to the eigenvalues, similarly as
in [1] for boundary value problems. The range of those eigenvalues for which these arguments work is described
as follows.

In view of hypothesis (C), one can define the following two nonempty sets

It = {R>O:aR:eSSinfa(x) >O}
lz|<R

and
I = {seR:F(s)>0}.

For every (R, s) € IT x I}t we define

<1+ arF(s) ( )|)_1/N7 1[ (1.1)

||OZHLDO max‘t‘gs‘ |F t

IR,S =

and for o € Ig  set

|s|P 1+ RP(1-0M)(1-0)?
p arF(s)oN — [laf e~ maxj<js [F(t)|(1 - o)

Ao,Rs = (1.2)

By Eqgs. (1.1) and (1.2) it is clear that for the two values of U%’S € 0IR,s (with R, s fixed) one has A\, p s — +00
whenever ¢ — of; , and o € I 5. Thus, the following number is well-defined:

A= inf min A, R,s- 1.3
(R,s)€Id x I} 0€IR,s o (1-3)

We will prove
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Theorem 1.1 Letp > N > 2, f : R — R be a continuous function, and o : R — R be a radially
symmetric function, which satisfy conditions (A), (B) and (C).

Then, for every A > \* problem (P ) has two distinct, nonzero, radially symmetric weak solutions uy and vy
with Ex(uy) < 0 < Ex(vy). Moreover, uy and vy can be constructed such that

sup max{||ux|lwi.r, |[vallwir} < +o0 (1.4)
AeK

for every bounded set K C]\*,+00|, assuming that the infimum in Eq. (1.3) is achieved on I} x I}- whenever
A* = inf K. In addition, if f(s) = 0 for all s <0, the solutions uy and vy are nonnegative.

A simple estimation which is based on our hypotheses shows that

1 .. s

AF > in
pllallze serj F(s)

> 0,

and by construction, the number \* seems to be the lower limit of those eigenvalues for which the proof of
Theorem 1.1 can be carried out in the above-described way.

A natural question instantly arises: can one ensure the existence of further positive eigenvalues which are
strictly smaller than A* for which Eq. (P ) still has two nonzero solutions? An affirmative answer is given in the
following

Theorem 1.2 Under the assumptions of Theorem 1.1 suppose in addition that the infimum in Eq. (1.3) is
achieved on I} x I}.

Then there exists an open interval A C [0, \*] such that for every A\ € A problem (P)) has two distinct,
nonzero, radially symmetric weak solutions uy and vy with the property

sup max{||ux||wir, |Joallwir} < +o00.
AeA

In addition, if f(s) = 0 for all s < 0, the solutions uy and vy are nonnegative.

This result will be proved by means of a recent abstract critical point result of G. Bonanno [4] which is
actually a refinement of a general principle of B. Ricceri [17, 18]. Various applications and extensions of this
general principle are already available, see for instance [5, 6, 10, 13].

Remark 1.3 Unfortunately, if the infimum in Eq. (1.3) is not achieved on I x I}, then we are not able to
control in Theorem 1.1 the stability of solutions (as in Eq. (1.4)) for those eigenvalues which are arbitrary close to
A*. Moreover, the conclusion of Theorem 1.2 is also radically modified in this case; namely, only the following
fact can be proved: for every h > 1 there exist an open interval Ay, C [0, h\*] and a number pp, > 0 such
that for every A\ € Ay, problem (Py) has two distinct, nonzero, radially symmetric weak solutions uy and vy so
that supy ¢ 5, max{|luxllwrr, [[vrllwrr} < pa. In particular, it can happen that A* < inf Ay; if so, the above
thesis does not furnish any new information in comparison to Theorem 1.1. However, several problems can be
encountered where the infimum in Eq. (1.3) is achieved on I} x T ;5, and consequently, our results can be fully
applied. We present such an example in the sequel.

Example 1.4 Consider the problem

—Nsu+|ulu = A 3 (arctanu3 + 3u3(1 + uﬁ)_l) , zeR? we Wl’B(RQ) . (Ey)

1
(L4 |z[?)
Let

1 —3(1 1—o0)2
F = inf min +R7(1 +0)( 7)
R>00€lr 02(1+ R?)=2 -1+ 02

where Ip = }(1 +(1 +R2)—2)*1/2,1{ ,

and let s( be the unique positive solution of the equation (1+ s?) arctan s = 3s/2. (By means of standard Matlab
routines we obtained so ~ 0.928, while the infimum in the expression £ is achieved for R ~ 0.6575; it is F ~
3030.75.) The infimum in Eq. (1.3) is achieved for R and 5 = 5(1)/3; more precisely, \* = (3 arctan 53) '22F.
Then, there exists an open interval A C [0, A*] such that (E)) has at least two nonzero, radially symmetric weak
solutions for every A € A U]\*, 4+o00[ with the properties described in Theorems 1.1 and 1.2, respectively.
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2 Preliminaries

The space WP (RN ) is endowed with the norm

1/p
lullwrr = (IVllZs + lullf) ™,
where || - || e is the usual norm on L? (RN), p < oo. The norm on L*° (RN) is given by
lull e = esssup u()].
z€RN

Throughout this section, we suppose that the assumptions of Theorem 1.1 are fulfilled. Since p > N,
the embedding W?(R”Y) — L>(R") is continuous; denote its Sobolev embedding constant by c., i.e.,
[ullLee < coo [|ul|wrs for every u € WH?(RY). Moreover, every function u € W'+ (R"Y) admits a continu-
ous representation, see [7, p. 166]; in the sequel, we will replace u by this element. For simplicity of notation, let
F: WhP(RY) — R be defined by

Flu) = /RN o(2) F(u(x)) dz

Proposition 2.1 For every A € R, the function €y is continuously differentiable. Moreover, every critical
point of £y is a weak solution of Eq. (P).

Proof. Letu,h € Wh? (RN). Given € R and 0 < [t| < 1, the standard mean value theorem implies
the existence of a 6, € ]0, 1] such that

(@) F(u(z) + th(z)) — a(z)F(u(z))]
|

= a(z) [f(u(z) + t0:h(x))h(z)]
< a(z) max{[f(s)] : |s| < [lullze + [hl[Le<} [A(2)] .

Since o € L! (RN ), the last expression of the above inequality belongs to L* (RN ) Thus, it follows from the
Lebesgue theorem that

FwBwis = [ a@)f(ul)h(e) do. @
R
where (-, -)y1.» denotes the duality pairing between W' (RY) and its dual.
Now, let {u,} be a sequence in W' (RY) which converges strongly to a u € W?(RY). In particular,
Uy, — u strongly in L*° (RN ) Fix an € > 0 arbitrarily. Since f is uniformly continuous on the compact interval

I, = [-lu|lr= — 1, ||u|]|p= + 1], there exists a number 6(¢) > 0 such that
If(s) = f(t)] < ———— for every t,s€l,, |s—t| < 6(). 2.2)
2¢o0 |t 1

In the same time, there exists n. € IN such that
| — ullL~ < min{d(e),1} for every n > n.. (2.3)
Combining Eq. (2.2) with Eq. (2.3), for every n > n. and h € WP (RN) one has
€
[(F(n) = F' (), ywro| < 5 [Bllwre

thus, || F'(uy) — F'(u)|[(w1.r)- < €. Using Eq. (2.1), we obtain at once the last part of the proposition. O
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The action of O(N) on W (RY), defined by (gu)(x) = u(g~'z) forevery g € O(N), u € WP (RY),
2 € RY, is linear and isometric; in particular ||gul|y1.» = ||u|w1.», for every g € O(N) and uw € WP (RY).
We say that a function b : R — R is radially symmetric if h(gz) = h(zx) for every g € O(N), and z € R
One can define the subspace of radially symmetric functions of W' (R™) by

ervp(RN) = {u € Wl’p(RN) : gu = u for every g € O(N)} .

Taking into account that o : R — R is radially symmetric, then F is O(N)-invariant, so is £y. In particular,
the principle of symmetric criticality of Palais [15, Theorem 5.4] realizes as follows.

Proposition 2.2 Every critical point of R\ = g)\|W}‘.p(RN) will be also a critical point of Ex.

The next compactness result plays a vital role in our arguments.

Proposition 2.3 Ifp > N > 2, the embedding W' (RN) — L>(R"N) is compact.

Proof. Itis well-know that for every u € W 1P (RN ) we have
lu(z)] < C(p,N)|Jullwre ||ENV/P ae zeRN, (2.4)

where C(p, N) > 0, see Lions [12, Lemme II.1].

Let {u,} be a sequence in W? (RN ) which converges weakly to some u € WP (RN ) By applying
inequality (2.4) for (u, — u), and taking into account that the sequence {u,, — u} is bounded in W} (RN ), and
N > 2, then for every € > 0 there exists . > 0 such that

tn — wllLoo(jo)>r) < C |Re|(1_N)/p < ¢ for every neN, (2.5)

where C’ > 0 does not depend on n.
On the other hand, by Rellich theorem it follows that u,, — u strongly in C°(By|[0, R.]), i.e., there exists
ne € N such that

lun — ullcoyio,r.)) < € for every n > n.. (2.6)

(Here, Bx|[0, 7] denotes the N-dimensional closed ball with center 0 and radius > 0.) Combining Eq. (2.5)
with Eq. (2.6), one concludes that ||u,, — u||p~ < € for every n > ng, i.e., u, — u strongly in L> (RN). O

In the proof of our results the following inequality will be useful.
Lemma 2.4 There exists C" > 0 such that F(s) < C" |s|” for every s € R.

Proof. By hypothesis (B) we may fix two numbers, namely 5 €10, 1] and M > 0, such that

F(s) < Msl, s < B.
By condition (A), we have

_ 1+p-t
|F(s)] < C(1+ ") |s|] < CW s[”, s| > B.
By choosing C” = max {M ,C 1;5—:1} , the required relation follows. O
3 Proofs
We assume the hypotheses of Theorem 1.1 are fulfilled. For simplicity of notations, denote further by Ry, || - ||»
and F, the restriction of €y, || - |ly1.» and F to the space W7 (RY), respectively.

Proposition 3.1 Let \ € R be arbitraryly fixed. Then every bounded sequence {u,} in WP (RN ) such that
||’R’)\ (un)H(Wl.p)* — 0, contains a strongly convergent subsequence.

(© 2005 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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Proof. Taking a subsequence if necessary, thanks to Proposition 2.3, we may assume that
U, — u weakly in er’p (RN) , (3.1
U, — u strongly in L™ (RN) . (3.2)

One the other hand, we have

I, "% / (IVun P72 Vu, — |VulP~2 Vu) (Vu, — Vu)
RN

+/ (|un|”_2 Uy — |u|”_2 u) (Up, — u)
RN
= (R\(un),un — uywrr + (RY(w), 4 — un)pie

A /R @) (un(@)) — f(u(@))(un (@) — u(z)) de.

Since || R} (un)||yy1v)- — 0, the first term tends to 0. By Eq. (3.1) it follows that the second term tends to 0 as
well. Finally, for n € N large enough one has

} [ 0@ (@) = Ful)) (o) = u(e) do
< 2|lallpr max{[f(s)| : [s| < [lullzee + 1} lun — ul[z,
and the last term tends to 0, due to Eq. (3.2). In conclusion,

lim I, = 0. (3.3)

n— oo

Since we have the general inequality [t — s|? < ([t[P~2t — [s|P~2s)(t — s) forevery t,s € R™ (m € N) we
infer that ||u,, — u||P < I,,. The last inequality combined with Eq. (3.3) leads to the fact that u,, — w strongly in
WP (RY), as claimed. O

Proposition 3.2 For every A > 0, R is coercive and bounded below.
Proof. By condition (A) and the continuous imbedding W'* (RY) < L>(R") one readily has for every
u e WP (RN) that

1
Ra(u) = » [l = AC el o (oo Nlullr + €2 fJull7) - (3.4)

The assertion clearly follows, since v < p. O
Proposition 3.3 For every A > 0, R satisfies the Palais—Smale condition.

Proof. Let {u,} be a sequence in W7 (R”) such that {R(uy)} is bounded and || R} (un)ll wriey — 0
as n — +o0o. The coercivity of R (Proposition 3.2) implies the boundedness of the sequence {u,, }. Therefore,
from Proposition 3.1 the claim follows. O

For (R,s) € I} x I} and o € IR s define

0, if € RN\ By(0,R),

wU,R,S(x) = 5 if ze BN(O, UR) ) (3.5)
S YZRERRY — if B B
R(].—U) (R |$|), 1 T e N(O,R)\ N(0,0’R),

where By (0, r) denotes the N-dimensional open ball with center 0 and radius r > 0.
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It is clear that w,, g, s belongs to er’p (RN ) Denoting by wp the volume of the N-dimensional unit ball, an
elementary calculation shows that

w2 = [sP oy BN (o + RP(1—0V)(1 - 0)77)
4P R - 0) / (R — |2])? dx 3.6)
ocR<|z|<R

< |sPwnRY(1+RP?(1-0V)(1-0)7P)

and

Since o € IR s one clearly has F(wes,r,s) > 0 (cf. Eq. (1.1)), thus we may define

o vl

o,Rys = . 3.8
o pFr(wo',R,s) ( )

Proof of Theorem 1.1. Let K C|\*, +o0o| be a bounded set as in the hypothesis. We shall prove that for
every A € K there exist two elements uy and vy in W7 (RN) which verify R (uy) < 0 < Rx(vy), they are
critical points of R (consequently, radially symmetric, weak solutions of Eq. (P)) in view of Propositions 2.2
and 2.1), and the sets {||ux|lw1.» }rer and {||va]lwr.» }re K, respectively, are uniformly bounded. In particular,
the first part of Theorem 1.1 will be answered as well, choosing K = {A} with A > \*.

Thus, let us start with a set K’ C]\*, +oo[ as was specified above. Either in the case when \* = inf K
(thus the infimum in Eq. (1.3) is achieved on I+ x I), or in the case when \* < inf K, we are able to fix
(R,5) € I7 x I} as wellas & = o (R, 5) € I ; such that

/\aﬁg = mifl )‘aﬁ,g < A forall e K. (3.9

(3.10)

First, we prove that for every A € K we have infuewi,p(RN) Ra(u) < 0. To this end, it is enough to prove

that R (wﬁﬁg) < 0, where Ws Rk s is defined in Eq. (3.5). Thanks to Eqgs. (3.8)—(3.10), for every A € K we
have

R (wE,E,g) =

Taking into account Propositions 3.2 and 3.3 as well as [16, Theorem 2.7], for every A € K we find an element
uy € WP (RYN) such that R} (uy) = 0 and

R)\(’LL)\) = i‘I/IVfl 'R,)\(u) < 0. (3.11)
ueWo P

Now, we prove that for every A € K the functional R has the Mountain Pass geometry. Since a > 0, then
Lemma 2.4 gives

Fu) < |leflp C"e ullfre, uweWhP(RY). (3.12)
We take p > 0 to satisfy

p < min{((supK)pHaHLlC"c’fw)”%, ||wE7R§HT}.
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Consequently, by Eq. (3.12), for every A € K we have

Y

1
R(w) = lullz = AMellp:C"eZ, Nlully

Y

1
(5~ GwK) ol €7 ) 2 = w > 0.l = .

By construction, one has HwE,E,§Hr > p and from above R (wﬁﬁj) < 0 = Rx(0). Beside of these facts,
Propositions 3.3 allows us to apply the Mountain Pass theorem (see for instance [16, Theorem 2.2]). Namely, for
every A € K there exists an element vy € WP (RY) such that R/ (vy) = 0 and R (vx) =71 > 0.
Now, we will prove Eq. (1.4). As far as the v), is concerned, for every A € K the mountain pass level R (v )
is characterized as
Ra(va) = inf e Ralg(t), (3.13)
where

P = {ge (oW (RY)) g(0) =0, g1) = wy 5,

Let go : [0,1] — W,"P(RY) be defined by go(t) = tw, g . Since go € T, by using Eq. (3.13), one has for
every A € K

p
r

1
R,\(U,\) < max RA(QO(t)) < EH'LUE,E,gH

5 — — "
t€[0,1] = + (sup K) tfen[%?i]|f7-(twa&§)| = C".

(C"" > 0 does not depend on A € K.) Combining the above inequality with Eq. (3.4), for every A € K it follows
[oall? < p(sup K)C [laf| 1 (e loallr + o [oallY) +pC™.

Since 1 < 7y < p, we have at once that sup,c [|vall» < +00. On the other hand, since R (uy) < 0 for every
A € K (see Eq. (3.11)), a direct application of Eq. (3.4) shows that sup,c i ||uxl|» < 400 as well. Thus, relation
(1.4) is completely proved.

Suppose now that f(s) = 0 for every s < 0, and let u be a weak solution of Eq. (P ) for some A > 0, i.e., for
every v € Whp (RN)

/ (IVulP72 Vu Vo + [ufP?uv) dz = A a(z) f(u(z))v(zr) dx . (3.14)
RN RN

Set S = {a: c RV :u(z) < O}, and assume that S # (. Since (the representation of ) u is continuous, the set .S
is open. Applying Eq. (3.14) with v = ug = min{u,0} € W?(R") one has

0= / (IVulP~? Vu Vs + [ulP~? uus) de = /(|vu|p+|u|p) dz = Julyengs) -
RN S

which contradicts the choice of the set S. This completes the proof. ]

In the sequel, we are dealing with the proof of Theorem 1.2. In order to do this, we recall the following recent
critical point result.

Theorem 3.4 [4, Theorem 2.1] Let X be a separable and reflexive real Banach space, andlet ®,J : X — R
be two continuously Gateaux differentiable functionals. Assume that there exists xo € X such that ®(xg) =
J(xo) = 0and ®(x) > 0 for every x € X and that there exists x1 € X, p > 0 such that

(1) p< @((El),
. J(:

(ii) supg(z)<,J () <p %.

Further, put

-1
—_ J(:L’l) B
a = (p(p () @ﬁ;ﬂpJ(x)) where (¢ > 1,
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assume that the functional ® — \J is sequentially weakly lower semicontinuous, satisfies the Palais-Smale con-
dition and

(i) 1imjjz)— 4o (®(x) — AJ(2)) = +00, for every A € [0,a).

Then there is an open interval A C [0,a] and a number p > 0 such that for each A € A, the equation
@' (x) — N\J'(x) = 0 admits at least three solutions in X having norm less than p.

Proposition 3.5 For every A € R, R is sequentially weakly lower semicontinuous.

Proof. Since the function v — HuHiVl)p is sequentially weakly lower semicontinuous (see [7, Proposition
II1.5]), it suffices to prove that the functional F is sequentially weakly continuous. To this end, let {u,,} be a
sequence in WP (R™) which converges weakly to u € W,;*?(R") and suppose that the sequence {F, (u,)}
does not converge to F,-(u) as n — oo. Therefore, there exist€ > 0 and a subsequence of {u,, }, denoted again by
{un}, such that 0 < & < |, (up) — Fr(u)] forevery n € N, and u,, — u strongly in L> (R) (see Proposition
2.3). By the mean value theorem and Eq. (2.1), for some 6,, €0, 1[ with n large enough, one has

0 <& < [(FlilutbOp(un —u)), un — whwrs|
< /RN a(x) | f(u() + On(un(x) — w(@)))] Jun(2) — u(z)| dz
< llaflpr max{[f(s)] : [s| < lullze + 1} [lun — ul[z~ .
But the last term tends to 0, which is a contradiction. O

Proof of Theorem 1.2. Let X = W;'?(R") and for every u € W;'*(R") put ®(u) = %Hqu and
J(u) = F,(u) in Theorem 3.4. Thus, Ry = & — A\J. B
By hypotheses, there exists (R,5) € I7 x I} as wellas& = o (R, 5) € I, such that

Similarly as in Eq. (3.10), we have
A Fs < Mg (3.15)
By Eq. (3.12) and v > p one readily has that

. P
Lo DA () ¢ ull? < pp}
p—0%F p

= 0.

In view of the above limit, as well as Egs. (3.5), (3.8) and (3.15), we may fix a number p > 0 so small that

pr < |lws gl

sup {F,(w) : Jullp <pp} _ _1

Y

p S‘F,E,§
-1
1 » : p
1+ 9) ( _ sup{F(w) p|u|, < pp}) -
7, R,5

Moreover, in Theorem 3.4 set xo = 0, 1 = w5 5 5, ¢ =1 + p and

2= (140) ( 1 sup({Fi(u) |u|£<pp}>‘ |

7, R,5 p

On account of Propositions 3.2, 3.3 and 3.5, the assumptions of Theorem 3.4 are fulfilled.
Thus, there exists an open interval A C [0,a] C [0, A, 5 ;| = [0,\*] and a number 1 > 0 such that for each

A € A the functional Ry = ® — \J admits at least three critical points in W* (R") having norm less than .
Thus, it remains to apply again Propositions 2.2 and 2.1, respectively. g
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