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1 Introduction

The purpose of this paper is to guarantee by a direct variational method the
existence of infinitely many non-radial and sign-changing solutions of the problem

—Apu+ [uP7?u = K(z) f(u), r e RY, p
ue WhP(RY), (P)
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when p > N, the space dimension N is large enough, and f has an oscillatory
behaviour at the origin. Here, Apu = div(|Vu|P~2Vu) is the usual p-Laplacian of
u, K : RY — R is a measurable function, and f : R — R is continuous.

This study can be fit within a very active research area of the PDEs, i.e.,
to find sign-changing (nodal) solutions of various elliptic equations. We refer the
reader to [1]-[5], [15], [22], and references therein for results of this type. Most of
the papers treat semilinear problems due to the ordered Hilbert space structure
of the associated functional space to the studied problem, see [1], [3], [15]. To the
best of our knowledge, only a few works are dealing with sign-changing solutions
of quasilinear problems (but only on bounded domains), see [2], [22]. In the
aforementioned papers, the nonlinearities have superlinear and subcritical growth
at infinity; the strategy is to construct suitable closed convex sets containing
all the positive and negative solutions which are invariant with respect to some
pseudo-gradient vector fields.

As we pointed out, our aim is to produce by a direct method many
sign-changing and non-radial solutions for problem (P) when p > N, and the
nonlinearity f has an oscillatory behaviour at the origin. Note that within this
framework, problem (P) has been studied recently in [11] and [12]. As an effect
of the oscillatory behavior of f (with no additional assumption on the
symmetry of f), in [11], [12] the authors obtained infinitely many non-negative
solutions which are G-invariant (perhaps, radial symmetric), where G are special
subgroups of the orthogonal group O(N). However, when we are interested in the
existence of infinitely many non-radial, sign-changing solutions of (P), it seems
some kind of symmetry hypothesis on the nonlinearity f is indispensable. In order
to fill this gap, we require that f is odd in an arbitrarily small neighborhood of
the origin. A similar hypothesis has been used first by Wang [21] who studied a
boundary value problem involving a concave nonlinearity near the origin, adapting
Lusternik-Schnirelmann theory.

The weak solutions of (P) are precisely the critical points of the energy
functional E : W1P(RY) — R associated to problem (P) which is defined by

E(u) = ]13 / (=Dt Py — /R K () F(u(z))dz.
Here, F(s) = [, f(t)dt, s € R. In order to produce a sequence of non-radial,
sign-changing weak solutions of (P) we first introduce a new energy functional E
which is ‘close’ to E and is even, exploiting the fact that f is odd near the origin.
Then, we restrict E to a carefully chosen subspace Z of WP (]RN ). Here, the space
Z consists of functions with special symmetrical properties. As a consequence of
this symmetry property, Z contains only sign-changing and non-radial elements of
wtp (RN ). Next, we construct an appropriate sequence of subsets of Z. The main
step is to show that the relative minima of E‘ 7 in these subsets of Z are local
minima of E‘ 7. A careful analysis shows that one can extract infinitely many local
minima of E| z with arbitrarily small L*°-norms. Moreover, these local minima of
E‘ 4 are critical points of E, due to an invariance property of E and to the principle
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of symmetric criticality. In particular, on account of the construction of E, the
elements belonging to this sequence are actually distinct weak solutions of (P).

This fact leads us to the following natural question: how many sequences
of non-radial, sign-changing weak solutions of (P) can we produce at least whose
elements are mutually symmetrically different? Note that Bartsch and Willem [5]
handled a related question for (P) in the semilinear case (i.e., p = 2) when N =4
or N > 6. By means of the Fountain Theorem, they obtained a sequence {u }ren
of non-radial, sign-changing solutions of the studied problem for every | € I :=
{i e N:2<4i<N/2,2{ # N-1}. Bartsch and Willem asked whether the solutions
uf and u™ lie on the same O(N)-orbit when [ # m. They obtained the following
answer: for every N > 4, N # 5, the number of those sequences of solutions
containing elements in different O(N)-orbits is at least [log, 42|, as a careful
inspection of [5, Proposition 4.1, p. 457] shows. (Here, [r] denotes the integer part
of r.) Coming back to our question, one could expect that the number we are
looking for increases with respect to the space dimension N. However, we are able
to show that the number of sequences of non-radial, sign-changing weak solutions
of (P) — such that elements in different sequences are mutually distinguished by
their symmetry properties — is at least sy = card Iy = [%] +(=1)N. Note that
sy ~ N/2 as N — oo, but the sequence {sy}n>4 is not increasing, and s = 0.
The reason is that the number sy does not depend only on the space dimension
N but also on special partitions of N. The fact that s; = 0 shows unfortunately
that our argument to produce non-radial, sign-changing solutions for (P) fails
whenever N = 5; a same phenomenon has been pointed out in [4] and [5] as well.

The paper is organized as follows. In Section 2 we will formulate our main
result. In Section 3 we prove the existence of a sequence of weak solutions of
(P) for a suitably chosen subspace of W1?(R") which are sign-changing non-
radial by the symmetry property of the subspace. In the last section, we construct
sy special subspaces of W?(R™) for which one can apply the arguments from
Section 3 and these subspaces have only the 0 as a common element. In this way,
we produce sy sequences of solutions of (P) which do no contain similar elements
from symmetrical point of view.

2 Statement of the main result

First of all, we recall that the space W'?(R™) is endowed with the norm |ju/|yy1., =
([[Vullh + ||u|\§)1/p where || - ||, is the usual norm in LP(RY), 1 < p < oo. The
space L>®(R"Y) is endowed with the sup-norm, denoted by || - ||oc.

In this section we will give the precise form of our main result. Throughout
the paper we assume that the potential K : RN — R fulfills the hypothesis:

(K1) K € LY(RY) N L>=(RY) is radial, non-negative, and || K| > 0.

The nonlinearity f : R — R exhibits an oscillatory behaviour at the origin
in the following sense:
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T

< limsup, o 28 = 4o0; here, F(s) = Iy f(t)dt.

[s[?

(f1) —oo < liminf,_,g

(f2) There are two sequences {a }ren, {bk fren such that 0 < b1 < a < by,
limg 00 b = 0, and f(s) < 0 for every s € [ag, bx], k € N.

Our main result can be stated as follows:

Theorem 2.1 Letp > N and N =4 or N > 6. Let K : RN — R be a function
which satisfies (K1), and f : R — R be a continuous function which is odd in a
neighborhood of the origin and verifies (f1) and (f2), respectively.

Then there ezist at least sy = [N572] + (=1)N sequences {ul}eNn C

WLP(RN), I € {1,....,sn5}, of homoclinic, non-radial, sign-changing weak solu-
tions of (P) such that elements in different sequences are distinguished by their
symmetry properties. In addition, limy_ oo ||ul |l = 0 for every L € {1,...,sn}.

Remark 2.1 Different sequences of solutions for (P) will be constructed in care-
fully chosen subspaces of Wl’p(RN ); the difference between them is emphasized by
the symmetrical properties of functions belonging to the subspaces (see Section 4).
These subspaces are obtained via a group-theoretical argument carried out on
certain subgroups of the orthogonal group O(N). Note that the unique common
element of these subspaces is 0; consequently, elements of different sequences from
these subspaces of WP (RN ) cannot be compared from symmetrical point of view.

Remark 2.2 Problem (P) has been widely studied when N > p. In the semilinear
case (i.e., N > p = 2), certain solitary waves in the nonlinear Klein-Gordon and
Schodinger equations are solutions of (P); existence and multiplicity of solutions
can be found for instance in [3], [5], and references therein. In the quasilinear case
(i.e., N > p # 2), problem (P) was treated in [9], [14]. The common feature of
these papers is the superlinear and subcritical growth at infinity of the nonlinear
term f. Theorem 2.1 complements several results mentioned above; we treat the
case p > N which is also important from the Mathematical Physics point of view
(see [6], [10]), while the nonlinear term f is allowed to have an unusual behavior.
Note that closely related hypotheses to (f1) and (f2) have been used in [19], [20]
studying boundary value problems.

Example 2.1 Let p > 3, ¢ € (p —3,p—2) and § > 0 be fixed arbitrarily. A
nonlinearity f: R — R verifying (f1) and (f2) is
|s|?sini, if se[-6,6]\ {0};
f(s)=14 0, if s=0;
9(s), it |s| >,

where g : R\[—4, 8] — R is any continuous function with g(§) = —g(—4) = §7sin ;.
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Remark 2.3 In problem (P), instead of the operator u — —A,u + |u[P~2u we
may put u — —Ayu + V(z)|u[P~2u where V : RY — R is radial and is bounded
from below by a positive constant.

3 Existence of a sequence of non-radial,
sign-changing solutions for (P)

Throughout of this section, we assume that the assumptions of Theorem 2.1 are
fulfilled. The energy functional £ : W'?(R"Y) — R associated to problem (P)

B(w) = lally, = [ K@F(u)ds, we W@, ()

is well-defined, where F'(s fo t)dt, s € R. Indeed, since p > N, Mor-
rey’s embedding theorem 1mphes that Whp (]RN ) is continuously embedded into
L®°(R™). Therefore, due to (K;), the second term of (1) is finite for every
u € W“’(RN ). Moreover, one can show in a standard way that F is of class
C' on WHP(RY) and its critical points are exactly the weak solutions of (P),
see [13]. It is well-known that one can consider continuous representations of the
elements from WP (RY), and every element u from WP (RY) is homoclinic, see
[8, p. 167], i.e., u(x) — 0 as |z| — oo.

Let 0 > 0 such that fj|_s s is odd. Without to loose the generality, we may
assume that by < 4, i.e., the sequence {b;}ren appearing in (f2) does belong to
[0,6]. Let f: R — R be deﬁned by f(t) = f(t) for |[t| < &, and f(t) = sign(t)f(9)
for [t| > 6. Put F(s) = [; f(t)dt. Let E : W'P(R N) — R be the new energy
functional assomated to problem (P)

E(u) = f||uHW1 » K VE(u(x))dz, ue WLPRY).
It is clear that E is well-defined, is of class C! and is even.
Let N > 4. Define the sets

Py ={GCON) : G=0(Ny) x - x O(Ny), k> 2,
N1+"'+Nk—N N;j>2,j

and
Py ={G=0(N1) x---x O(Ng) € Py : 3i,5 € {1,...,k},i # j, N; = N;}.

Note that P5 = (). For every G = O(N) x --- x O(Ny) € Py (N # 5) we define
the set

N(G)={1 € O(N) : T(@1,.. s Ti, ey Tjy o0, k) = (T1y 00y Ty ooy Tiy oo, Th)
(21, .0y mg) € RN x o x RME Ny = Nj i # 5.



214 A. Kristdly and W. Marzantowicz NoDEA

One can observe that for every 7 € N(G) wehave 7 ¢ G, 7G77! = Gand 7 = 771;

in particular, N(G) is a subset of the normalizer of G in O(N).

For every fixed G € Py and 7 € N (@) we introduce an action of the group
G, = (G,7) on the space W'P(RY), as in [4], [5]. Due to the above properties
of 7, only two types of elements in G, can be distinguished; namely, g € G, and
Tg € G, \ G (with g € G), respectively. Therefore, the action G, x W“’(RN) —
Whr(RY) given by

gu(@) = u(g™'z), (tg)u(z) = —u(g~'7" ), (2)

for every g € G, u € witp (RN ) and x € RY, is well-defined. Finally, for every
G € Py and 7 € N(G) we define the space

Wé’Tp(RN) ={u e W"P(RY) : hu = u for every h € G,}
which is nothing but the fixed point space of WP (]RN ) under the action G- .

Remark 3.1 Note that every nonzero element of the space Wé’f(RN ) changes

sign and is non-radial. To see this, let u € Wé’f(RN )\ {0}. The first fact follows
from the G -invariance of v and (2). Indeed, in particular,

u(z) = Tu(z) = —u(t"'z) (3)
for every x € R™. Since u # 0, it should change the sign. Now, suppose that u is
radial. Since |z| = |7~ 1x|, from (3) we obtain u(x) = u(|z|) = 0, contradiction.

In the rest of this section, we will fix a G € p]\Land T € N(G). The restriction
of E to the space Wé’f(RN) will be denoted by E,. Now, we define a sequence of

subsets of Wéf (RY) by
S = {u € WP RY) : [lullo < bi},

where the sequence {b;} appears in the hypothesis (f2).

Lemma 3.1 E. is bounded from below on Sy, and it attains its infimum on Sy.

Proof. We first prove that E, is sequentially weakly lower semicontinuous on
Wé’f(RN). It is a standard fact that the norm-function u — %||u||€[,1.p, u €
Wé’f(RN ) is sequentially weakly lower semicontinuous on Wé’f(RN ). It is suffi-
cient to prove that the function u — Fx (u) = [on K(z)F(u(z))dz is sequentially
weakly continuous on Wé’f(RN ). By contradiction, let {u,} C Wé’f(RN ) be a
sequence which converges weakly to u € Wéf (RY) but Fg(un) A Fr(u) as
n — oo. Up to a subsequence, we can fix a number gy > 0 such that

0 <eog <|Fr(up) — Fr(u)| for every n € N.
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Moreover, due to a result of Lions (see [16, Théoréme III.3]), the embedding
Wé’p(RN) — LI(RY) is compact for every g € (p, 00). In particular, the embed-
ding Wéf(RN) — Lq(RN) is also compact. Thus, fixing some g € (p,o0) one
may assume that u,, converges strongly to u in Lq(RN ). For every n € N one has
0, € (0,1) such that

0 < o < |Ficlun) — Frc(w)] < / K (2)[F(u + Ot — )] - [ — ulde
]RN
< Ky max{[F(s)| : 0 < [s] < My }Ywn - ull,,

where ¢’ = q(g—1)"% and M,, = ||ul|oo + ||ttn]|0o- Since Wé’f(RN) c WhP(RY) is
continuously embedded into L‘X’(RN)7 we have sup,, ey M,, < 4+00. When n — oo,
the above inequality yields a contradiction.

One can observe that Sy is weakly closed. Indeed, Sk is convex and is strongly
closed in WCIT,’TP(]RN) since the embedding Wé’f’(RN) c WP(RY) — L®R") is
continuous. Moreover, for every u € Sj one has

B (u) = fuunwlp /K (@))ds > ~|Ks max .

[—bk by
Therefore, E, is bounded from below on Sy. Let v, = infg, E,, and {u,} be a

minimizing sequence of E in Sy, for vg- Then,

1 —_
- P < 141K i
pllunHWl,p <+ 1+ K1 [7%1357{)@]

for large n € N. Thus, {u,} is bounded in Wé’Tp(RN). So, up to a subsequence,
{un,} weakly converges in Wé’f(RN ) to some Ty, € Sk. By the sequentially weakly

lower semicontinuity of E, we conclude E,(Ty) = v = infs, E,. O
Proposition 3.1 Let u, € S, be such that E.(uy) = infs, E,. Then,
”ﬂk”oo < ag.

Proof. Let A = {x € RN : 7 (x) ¢ [—ax,ax]} and suppose that A # (. Thus,
meas(A) > 0 due to the continuity of ug. Define the function ¢ : R — R by
@(s) = sgn(s) min{|s|, ar } and set w, = ¢ oUy. Since ¢ is uniformly Lipschitz and
$(0) = 0, the function wy, belongs to WP (RY), cf. Marcus-Mizel [17]. Moreover,
we claim that wy € Wé’f’(RN). To see this, it suffices to prove that hwy = wy for
every h € G,. First, let h = g € G. Since gliy, = Uy, one has gwy(z) = w(g~1z) =
(p o) (g~ x) = d(Ur(g~ ) = ¢(ur(z)) = wi(z) for every z € RY. Now, let
h=7g€ G, \G, g€ G. Since ¢ is an odd function and (7g)ur = U, on account
of (2) we have

(rg)wi(z) = —wp(g~'r " a) = —(¢oux) (g~ 7 a)

¢(—uk(g~ 77 ) = ((rg)ur(x)) = p(Tn(z))

= wg(x)
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for every z € RY. In conclusion, wy, € Wé’f(RN). By construction, |wg(z)| <

ag < by for every x € RV Thus, wy, € Sk.
Let us introduce the sets

AT ={z e A: ur(x) < —ai} and At ={z € A: wp(x) > ar}.

Then, we have
Tp(x), =€ RV \ A;
wi(x) = —ak, e A
ag, x€ AT,

A straightforward calculation shows that

B, (wy) - By (1) = 1/|VWW+;[pww2me

- [ K@[Fw) - F)
fiwaw t/[ ﬂmm+1/[ﬁfﬁ]

— [ K@)[F(-ax) — F(m) /’K ).

A-

The sign of the first three integrals in the last expression is non-positive. More-
over, for every s € R complying with |s| € [ay, bx], we have F(sgn(s)ay) — F(s)
= f(85)(sgn(s)ax, — s) for some 05 € R with |05 € (ar,br), sgn(fs) = sgn(s).
Taking into account (f2) and the fact that f is odd, we conclude that F(sgn(s)az)
— F(s) > 0 for every |s| € [ak,bx], thus, the sign of the last two integrals
are also non-positive. Consequently, E,(wy) — E, (%) < 0. On the other hand,
E,(uy) = infg, E, and wy € Si. Therefore, every term in the right hand side of
the above expression should vanish. In particular,

/\Vﬂk|p:0 and / [az—|ﬂk|p]:/ la} — )] = 0.
A A- At

The first relation implies the existence of a positive measured subset A of A and
a constant ¢ € R such that u;, = ¢ on the set A. Then, either A C A~ or A C At
When A C A, then

0= /Ai[ai — [y, *] < /A[ag — [@|?) = [a® — |&"Jmeas(A) < 0

contradiction. A similar argument can be applied when AcC AT, obtaining also a
contradiction. Therefore, we necessarily have A = (). O

Proposition 3.2 Letuy € Sk be such that E,(uy) = infs, E,. Then Ty is a local
minimum point of E, in WG’p RY).
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Proof. Assume the contrary, i.e., there exists a sequence {u,} C Wé’f’(RN ) which
converges to Uy and E,(u,) < E,(u) = infg, E, for all n € N. In particular,
this inequality implies that wu, does not belong to the set S; for any n € N.
On the other hand, since u,, — uy in Wcl;f (RN ), then Morrey’s theorem implies
that u, — g in L‘X’(RN) as well. In particular, for every 0 < & < by — ay,
there exists n. € N such that ||u, — Uk||cc < € for every n > n.. By using
Proposition 3.1 and taking into account the choice of the number €, we conclude
that ||unllco < ||tn — Tk||oo + [Tk ||co < €+ ag < bg, i.e., u, € S for every n > n.,
which contradicts the above statement. O

Proposition 3.3 Let v, = infs, E, = E,(uy). Then vy, < 0 for all k € N and
limk_)oo Yk = 0.

To prove Proposition 3.3, we construct a special class of functions with
suitably prescribed symmetry properties, which is of interest in its own right as
well.

Lemma 3.2 Let 0 <7 < R. For every s >0, G € Py and 7 € N(G) there exist
a function u € Wé’f(RN) and a G,-invariant set D C RY with meas(D) > 0 such
that

i) suppu C {z € RN : /2 < |z| < R};
i) |[ulloo < s

iti) |Vu(z)| < 22 VN for a.e. x € RY;

T

w) |u(z)| = s for every x € D.

Proof. Let G = O(N;) x --- x O(Ny) € Py with N; = N; for some i,j €
{1,... .k}, i # 7, and 7(T1, ..., Ti, ooy Ty ooy Th) = (T1,y 00, T, oovy Ty oo, Tp) fOT eVETY
T = (T1,0e, Tiy ooy Tjy ooy Tp) € RM x . xRN x .. xRN x ... x R™*. Let us denote
by 2 the vector in RNV=2Ni which is obtained by omitting z;, z; € R from the
vector z € RY. An explicit function that verifies the requirements is

U(ZL‘) = ’U,(LEZ',:EJ',:CU)
32s
= Rz—T2(R—7‘)Sgn(‘xi|_|xj|)
x(min{R_max{er|x|R+3r
4 K2 J 4 Y
R+3r|\ R—r
o = ol - 5|} )

RZ _ 2 B RZ _ 2
X #—max |x”|,? ,
+
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where ry = max{0,r}. Note that when N = 2N, (i.e. the vector z% does not
appear), we formally put 2 = 0 in the above expression.

One can easily check that ), ) and 4ii) are satisfied, u € WHP(RY), and u
is G,-invariant. Now, let D = D, r given as

D = {x—(:ci,xj,xij)eRN: |xi|+|xj|—R—£3r §R8_r,
R+ 3r R—r
losl = |25l = ——| < —— (@)

=~

2 _ .2
|xij‘§ R r}_

The G,-invariance of D it follows from a geometrical reason. Moreover, meas(D)
> 0 and for every € D we have u(z) = u(z;, z;,2") = s - sgn(|z;| — |z;|), thus
).

Proof of Proposition 3.3. Let us fix 8 € (0,1). On account of hypothesis (K),
there exists a measurable set My C RY with positive measure such that

K(x) > 0||K||o for a.e. x € My. (5)

Since the function K is radial, we may assume that My is an O(N)-invariant set,
i.e., gMy = My for every g € O(N). In particular, we may fix an annulus (or a
ball) with center in the origin which is included a.e. in My. More precisely, there
are 0 < rg < Ry so that meas{z € R :ry/2 < |z| < Ry, ¢ My} = 0.

By (f1) there exist > 0 and o € (0,4) such that F(s) = F(s) > —I|s|P for
every s € (—p,0). Let D = D,, g, C RY be the set from (4) and fix a number
L > 0 large enough such that

LO|| K|[comeas(D) — U|K|l1 — ¢r,r, /P > 0, (6)
where .
8V N
CroRy i= ((Re _m> + 1) (R — (ro/2)™) w.

Here, wy denotes the volume of the unit ball in RY. By using the right hand
side of (f1), there exists a sequence {siy}ren C (0, 0) converging to zero, and
F(Sk) = F(—Sk) = F(Sk) = F(—Sk) > LSZ'

Let {sn, }ren be a decreasing subsequence of {sy}ren such that s,, < by
for every k € N. Now, we apply Lemma 3.2 for every s,, > 0, k € N, obtaining
the set D (fixed already, which was possible since it depends only on r = 7y,
R = Ry, G € Py and 7 € N(G) but not from the elements s,,,) and a sequence
of functions {ux}, N € Wé’f(RN) with the properties i) — iv). By i), we have
luklloo < Sn, < bi; therefore, uy € Sk. Moreover, using i) — iii) and the above
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notation, we have

p
» 8V N N N » »
”uk”WLp < R +1 (RG - (T9/2) )sznk = Crg,RgSn,, -

0 —To

Note that D C {z € RY :79/2 < |z < Rp}; thus, for a.e. z € D the inequality
(5) can be applied. Using the fact that F' is even and iv), one has

/ K(x)F(ug(x dx—/ K(x)F(sp,)dz > LO|| K||oomeas(D)sh, .
On the other hand,

[ K@Fa)de=~ [ Klu)Pds = 1K,
RN\D

RN\ D
Combining the above relations with (6), we obtain

ET(uk)

IN

1
(pcre,Rg — LO|| K ||omeas(D) + l||K||1> sh. <0.

It remains to prove that limy .., vx = 0. The mean value theorem and
Proposition 3.1 implies that

|F (ag(x))] <ak[max |f] <ak[max]|f| for every z € RY.

—a1,a1
Then

0> 5= Nl ~ [ K@) dr > —al K]y max |f].
Since the sequence {ay }ren tends to zero, the same is true for {vx}ren. O

Now, we are in the position to prove the first part of our main result, i.e., to
guarantee infinitely many non-radial, sign-changing solutions of (P) which belong
to the space Wé’f(RN).

Proof of Theorem 2.1 (first part). Due to Proposition 3.3, there are infinitely many
pairwise distinct nonzero local minima of E, (up to a subsequence, we will keep
the same notation 1y as before). Since E is even and K radial, E is G-invariant,

e., E(hu) = E(u) for every h € G, u € W'P(R"). Thus, one can apply the
prmmple of symmetric criticality of Palais [18], obtaining that the local minima
of E, EIWé PRV AT€ actually critical points of E, thus, weak solutions of the

problem
—Apu+ [uP~?u = K(x)f(u), z€RY, B
u e WhP(RY). (P)
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Since ||Tk|loc < ar < § for every k € N, then f(ux(z)) = f(ux(x)) for every
r € RY. Consequently, the elements uy, k € N, are weak solutions not only for
(P) but also for (P). Due to Remark 3.1, the elements 7, k € N, are non-radial
and change their signs. Finally, the convergence of the sequence {ax}ren to zero
implies that limg_,o [|Uk|lcc = 0, which concludes the proof of the first part of
Theorem 2.1. O

4 Construction of special subspaces of W!?(RY);
sequences of solutions for (P) with mutually
different symmetries

In this section we will give a possible answer to the question formulated in the
Introduction, i.e., to describe as many sequences of non-radial, sign-changing
weak solutions of (P) as we can having the properties that elements in differ-
ent sequences are mutually distinguished by their symmetry properties. Now, we
are going to construct sy special subspaces of WP (RN ) such that:

e For every subspace one can apply the arguments from Section 3, obtaining
infinitely many non-radial, sign-changing weak solutions of (P);
e The pairwise intersection of the subspaces contains only the 0 element.

(As a consequence, the sequences belonging to different subspaces cannot
be compared by symmetrical point of view.)

Let G = O(NE) x ... x O(N§) € Py and H = O(N{I) x ... x O(N) € Py,
and define the set of coincidences of the partition of N with respect to the groups
G and H by

C(G,H)={(i,j) €{1,....on} x{1,.;m} : N' + .+ NC+ N+ 4+ N = N}.

Moreover, let us denote by (G, H) the subgroup of O(N) generated (topologically)
by G and H, and S,(R™) C R™ be the (m — 1)-dimensional sphere with radius
p >0, (m=2.,N). When p = 1, we simply denote by S(R™) C R™ the
(m — 1)-dimensional unit sphere.

Lemma 4.1 Let G,H € Py. If C(G,H) = 0 then (G, H) acts transitively on
S(RM), i.e., the (G, H)-orbit of every unit vector in RY is S(RY).

Proof. Let G = O(N{F) x ... x O(NS) € Py and H = O(Nf) x ... x O(NH) €
Py. Without loosing the generality, we may assume that N& < N (these two
numbers cannot be equal since C(G, H) = (). Using again C(G, H) = 0, there is
a (unique) number i; € {1,...,n — 1} such that

NE+ .+ NF <N <Nf+ .. +NZ,,.
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Let us denote by

~ G G ~ G H G G H
Ty = RNCHANE P RV vy = RV 1 = RV AN N

and let V = ‘71 X 172 =V xVy= RNFJ“'JFNZ'G&I.
We first claim that (G, H) acts transitively on S(V), i.e., for every v,w €
S(V) there exists o, ., € (G, H) such that

Ovw(v,0) = (w,0), (7)

where the element 0 belongs to RY =4V (If N = dim V the element 0 vanishes
in (7) and we are done.) In order to prove (7) it is enough to show that for every

vesSh) = S(RNF) and w € S(V) there are g, € G and h,, € H such that
gwhw((vho)ao) = (w70)7 (8)

= (v,0) for

where (v1,0) € S(V). Indeed, having a similar relation g,h,((v1,0),0)
(G, H) fulfills

v
some g, € G and h, € H, we deduce that o, ., = guwhuw(gohy) ! €

(7)-

Therefore, we prove (8), fixing arbitrarily v; € S(V4) and w =
¥ N —dimV; : H
(w11, w12, w2) € S(V3 x R™M x Vo) = S(V). Since O(Ny") acts tran-
sitively on S(V;) = S(RNlH)7 for every wis € RV —dim Vi it the property
(w11, 1012) € S(V1), there exists an hy € O(N{!) such that

hivy = (w11, W12). 9)

Note that 1 = |wy1]? + |w12|? and 1 = |w11|? + |wia|? + |wa|?. Therefore,
[12]* = wia|® + [wa]*. (10)

If wi2 = 0, on account of (10), we have w = (w1,0,0). In this case, (8) is
clearly verified, choosing ¢,, = Idg~y € G and h,, = hy X IdRN_NlH € H.

On the other hand, if w2 # 0, let p = |w12| > 0. Since O(RNSH) acts
transitively on S(V5), it acts transitively on S,(V2) as well. Consequently by (10),
there exists g1 € O(N, ) such that

~ G
91(t12,0) = (w9, wz) € S, (Vo) = S, (RV1+1). (11)

Taking
Ju = Id‘71 X g1 X Idgn-amv € G,

and
hw = h1 X IdRN,Nfz € H,

on account of (9) and (11), one has
Juwhw((v1,0),0) = gu (w11, W12,0) = (w11, w12, w2,0) = (w,0),
which proves relation (8), thus (7).
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If N + ...+ Nf,, = N then the statement of our lemma is concluded.
Otherwise, if N& + ... + NEH < N, using C(G, H) = 0, we may fix a number
J1 € {1,...,m — 1} such that

N+ 4N <NF+. . +NZ,, <N+ . +N],,.
Now, we may continue inductively the above arguments arriving to IV as the right
hand side of the above inequality for H (or its analog for GG). Consequently, for
every elements v,w € S (RN ) one can find finitely many elements g1, go,... € G
and hq, ha, ... € H such that (g1h1g2hs...)v = w, which concludes our proof. O

Corollary 4.1 Let G,H € Py and let v : RN — R be a G-invariant and
H-invariant function. If C(G,H) =0 then u is radial.

Proof. Tt is clear that w is also (G, H)-invariant. On the other hand, Lemma
4.1 implies that the (G, H)-orbit of every element v € RY \ {0} is S‘U|(RN).
In particular, the function u is constant on the (G, H)-orbit of every element
v e RV \ {0}, i.e., it depends only in |v| which means that u is radial. O

Remark 4.1 Ultimately, it seems that C(G,H) = 0 if and only if (G,H) =
O(N). The“if” part is obvious. Indeed, let us assume that (G, H) = O(N) and by
contradiction, C(G, H) # 0. Then, for some (i,j) € {1,...,n} x {1,...,m} we have
O(N)=(G,H) CO(NF+..+NF)x O(NF +...+ NH)O(N), contradiction. The
7only if” part should follow from Lemma 4.1 and the classification of all linear
orthogonal groups which act transitively on the sphere, see Borel [7].

Proposition 4.1 Let G, H € Py and 7 € N(G), v € N(H) arbitrarily fived. If
C(G,H) = then

WP (RY) N Wy (RY) = {0}.
Proof. Let u € Wé’f(RN) N Wfll’f(]RN). In particular, u is both G-invariant and
H-invariant. On account of Corollary 4.1, the function u is radial. On the other

hand, since u is G -invariant, we have u(z) = —u(7 ') for every x € R". Since
|z| = |77 12|, the function u is identically 0. g

Proposition 4.2 Let N >4, N #5, and
GN =0(+1)xO(N -21—2)xO(+1) € Py, l€{l,...s5}.
Then C(GY,GN) =0 for every k,l € {1,....;sn}, k # L.

Proof. Notice that N — 2] — 2 may become 0; in such case, we refer to va =
O(l4+ 1) x O(l +1). Now, let us fix k,l € {1,...,sn}, k # l. Note that at most
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9 possibilities there exist to obtain elements of C(GY,GY); indeed, since the
partitions of NV have the forms
N =(k+1)+(N-2k-2)+(k+1)
= (l+1)+(N=-20—-2)+(14+1),

the possible elements of the set C(GY,GN) are (i, ) € {1,2,3} x {1,2,3}.

First, let us assume that N — 2k —2 # 0 and N — 2] — 2 # 0. One can
easily observe that neither the elements of the form (¢,1), ¢ € {1,2,3}, nor (3, ),
j € {1,2,3}, cannot belong to the set C(GY,G¥). Thus, we have the following
remaining four cases:

I.) Suppose that (i,7) = (1,2) € C(GY,GN). Then (k+1) + (N — 21 —2) +
(I+1) = N which contradicts the fact that &k # [.

I1.) Suppose that (i,j) = (2,2) € C(GY,GV). Then (k+1)+ (N — 2k —2) +
(N=2l—-2)+(+1) = N,ie, N =Fk+1+ 2. Since k # [, we have
k+1<2sy—1. Consequently, N =k+1+2 < 2sy+1 < N, contradiction.

IIL.) (4,7) = (2,3) works similarly as I.).
IV.) (4,5) = (1, 3) reduces to a similar discussion as II.).

Therefore, C(GY,GN) = 0.
Now, assume without losing the generality that N — 2] —2 = 0. Then k #
I = N/2 —1 and the partitions of N have the forms
N = (k+1)+(N—2k—2)+(k+1)
= N/2+ N/2.

In particular, possible elements of C(GY,GJ) are (i,j) € {1,2,3} x {1,2}. Sim-
ilarly as before, neither the elements of the form (4,1), ¢ € {1,2,3}, nor (3, ),
j € {1,2}, cannot belong to the set C(GY,GN). If (1,2) € C(GY,GN), then
(k+1)+ N/2 = N, ie., k = [, contradiction. Finally, if (2,2) € C(G¥,GN),
then (k+ 1)+ (N — 2k —2)+ N/2 = N, ie., k =, contradiction. Consequently,
C(GY.GN)=0. |

Proof of Theorem 2.1 (concluded). On account of Propositions 4.2 and 4.1, respec-
tively, for every N > 4, N # 5, one can construct sy € N groups Gf¥ € Py,
l € {1,...,sn} such that for every 7}V € N(GIV) the pairwise intersection of dif-
ferent spaces of the form W(lc’;pN) N (RY) contains only the 0 element. Applying
l T
the arguments from Section 3 for every space W(lc’;pN) N R, 1 e {1,....,s5}, we
1 Tl
are able to guarantee sy sequences of non-radial, sign-changing weak solutions of
(P) with the property that different sequences are mutually distinguished by their
symmetry properties. This concludes the proof of Theorem 2.1. O

Remark 4.2 In order to be more explicit, in Table 1 (see below) we give the
description of the groups GV and possible choices of ¥ € N(GN), 1 € {1,...,sn}
for the space dimensions N =4, ...,13.
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Even if we exploit all the possibilities of the choice of 7V € N(GV),
1 € {1,..,sn}, in general, the number of sequences of solutions distinguished
by their symmetry properties cannot be increased by the aforementioned way. To
see this, let us consider the case N = 6. Note that N(GS) = {78} (see Table 1),

and N(GY) = {71,72,73}, where v1(z1,22,23) = (21,23,23), V2(21,22,23) =
(z3,22,71), y3(21,22,23) = (v2,21,23) with 2; € R* i € {1,2,3}. Due to
Proposition 4.1,

1,p 6 1,p
Wies) RN Wi

(R%) = {0}

for every i € {1,2,3}. However,
3
N W(lc’;%)wv (R) # {0}.
i=1 ’

Indeed, the function u : R® — R defined by
w(zy, w2, 23) = (|71] — [@2]) (22| — [23]) (l23] — [21[)(1 — |21] — |2| — [23])+,

(R%). Therefore, one

z; € R?, i € {1,2,3}, does belong to the set (7_, W(lc’;p

0,

i

could happen that certain elements belong to several sequences of solutions.

N SN G € Py;le{l,....,sn} Possible choice of 7;° € N(GlN); le{l,...,sn}
4 1 G1 =0(2) x 0(2) 71 (z1,®2) = (T2, @1); T1, 2 € R
5 0 — =
6 2 GS=0(2) x 0(2) x O(2) (21, 2, ®3) = (T3, T2,T1); T1,T2, T3 € R>
G3 =0(3) x O(3) 9 (w1, w2) = (w2, 21); @1, w0 €R?
7 1 G; =0(2) x O(3) x O(2) T (x1, 2, 23) = (w3, ®2,21); T1,23 € R, w3 € R®
8 3 GI=0(2) x O(4) x O(2) 71 (T1, T2, 03) = (T3, T2, 1); T1,23 € R-,x2 € R?
G5 = 0(3) x O(2) x O(3) Ty (x1, T2, x3) = (T3, T2, 1); 1,23 € R®, 25 € R?
G5 =04 x 0(4) T8 (w1, w2) = (z2,21); 71,32 € R?
9 2 G] =0(2) x O(5) x O(2) (21, 2, T3) = (T3,22,71); T1,%3 € R*, z2 € R®
Gg = 0(3) x O(3) x O(3) T29(I1,Z2,£L’3) = (x2,x1,23); T1, 2,3 € R3
10 4 G"=0(2) x O(6) x O(2) 10(z1, 2, 3) = (T3,22,71); T1,%3 € R, x2 € R®
G20 =0(3) x O(4) x O3) | 73°(w1,m2,3) = (w3, w2, 1); x1, 73 € R®, 25 € R?
Géo =0(4) x O(2) x O(4) 7';0(.’,81,3?2,.’,83) = (x3,xa,21); 1,23 € RY, 29 € R?
Gi’ = 0(5) x O(5) 730 (z1,2) = (w2, 21); 21,72 € R®
11 3 G1T=0(2) x O(7) x O(2) 1 (21, 22, 23) = (w3, T2, ®1); T1,23 € R>, 22 € R
Gyt = 0(3) x O(5) x O(3) il (21, 22, 23) = (@3, 2, 21); z1,23 € R, 25 € R®
Gél = 0(4) x O(3) x O(4) 7';1(:01,9:2,303) = (x3,T2,21); T1,x3 € R* 15 € R®
12 5 G;7=0(2) x O(8) x O(2) 12(z1, 2, 3) = (T3,T2,%1); 1,73 € R>, x2 € R
G§2 = 0(3) x O(6) x O(3) 7'212(11,;E2,ac3) = (x3,®2,21); z1,23 € R® 25 € R®
Géz =0(4) x O(4) x O(4) T§2($17$2,$3) = (w2,21,23); ¥1, T2, x3 € R*
G2 =0() x 0(2) x O(5) | 74%(z1,22,23) = (23, 22,21); x1,23 € R®, 2o € R?
G = 0(6) x O(6) a2 (w1, w2) = (w2,21); @1, 25 € R®
3] 4 | GiZ=0(2) x0(9) x0Q2) | 7%(x1,x2,w3) = (¥3,2,71); T1,03 € R>, x5 € RY
G;s = 0(3) x O(7) x O(3) T213(I1,I2,I3) = (x3,T2,21); z1,23 € R®, 29 € RT
Gég' =0(4) x O(5) x O(4) T§3(w1,a:2,w3) = (x3,T2,21); T1,23 € R* 25 € R®
04113 = O(5) x O(3) x O(5) 7" (1, 2, x3) = (3,22, %1); T1,x3 € R®, x5 € R®

Table 1.
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Remark 4.3 Fix [ € {1,...,sx} and 7Y € N(GV), defined by 7V (x1, 72, 23) =
(z3,29,21) for every (z1,x2,23) € R x RV=22 « R Let us consider the
‘diagonal’ set

DY = {z = (1,29, 23) € R x RN 7272 5 RIFL |2y | = |3}

If {u}}ren C W(lépN) N (RN ) is a sequence of solutions from Theorem 2.1, then
L T

uf () = 0 for every x € DV, k € N. This fact follows from (2).
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