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Abstract. Theoretical calculation for the double excitation of the hydrogen molecule to the
(2pσ 2

u )
16+

g and(2pσu2pπu)
15g states induced by fast charged particles are reported for the first

time. Electron correlation and time-ordering are considered in order to reproduce the dependence
of the cross sections on the sign of the projectile charge. We have also analysed the dependence of
the cross sections on the angle between the molecular axes and the beam direction. Our theoretical
results are compared with the experimental data.

The two-electron processes in atoms and molecules induced by fast charged projectiles have
been studied intensively both theoretically and experimentally over the last decade. It has been
made clear that taking into account the electron correlation is essential for a correct theoretical
description of these transitions [1, 2].

The most studied target has been the simplest two-electron system, the helium atom. In the
case of double ionization and ionization–excitation, experimental studies [3, 4] have revealed
that negative projectiles (electrons and antiprotons) lead to larger cross sections by a factor of
two than equivelocity protons over a wide velocity range. This behaviour has been explained
theoretically [1], but an accurate quantitative agreement has been obtained only for double
ionization [5]. As for the double excitation of helium, the dependence of the cross sections on
the sign of the projectile charge depends on the specific doubly excited state, and the agreement
between theory and experiment, because of experimental difficulties and the different results
of the theoretical approaches is not conclusive [6].

The two-electron transitions in another two-electron target, the hydrogen molecule, have
also been studied, by a group at the University of Georgia [7–9]. The doubly excited states of
H2, the excited states of the H+

2 ion, and certainly the doubly ionized hydrogen molecule are
all dissociative states. The energy of the outgoing fragments give information on the produced
state. Measuring the energy and direction of the outgoing protons, the experimental procedure
of this group makes it possible to extract cross sections for each dissociative state as a function
of the orientation of the molecular axes versus the projectile beam direction.

Similarly to the helium target, cross sections for proton projectiles have been obtained to
be smaller by a factor of two than for equivelocity electrons [7]. This experimental finding has
not been reproduced theoretically yet.

The theoretical calculations by one of us for double ionization and ionization–excitation
of the hydrogen molecule [10, 11] gave the correct order of magnitude of the cross sections,
but have not been able to reproduce the dependence of the cross sections on the sign of the
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projectile charge. The reason for this lack of agreement is that we have not taken into account
the time-ordering effects in those calculations [12].

In the present paper we have investigated the double excitation of the hydrogen molecule
induced by fast charged particles. To our knowledge this is the first attempt to make theoretical
calculations for these transitions. We have taken into account electron correlation and time-
ordering, in order to reproduce the dependence of the cross sections on the sign of the projectile
charge. We have also studied the dependence of the cross sections on the angle between the
molecular axes and the beam direction.

The framework of our calculation is the impact parameter method, where the projectile
moves on a classical straight-line trajectory.

For the study of the evolution of the two-electron system we have applied second-order
time-dependent perturbation theory.

The first-order probability amplitude for the transition of the electrons can be written as

a(1) = −i
∫ +∞

−∞
dt ei(Ef−Ei)t 〈f |[V1(t) + V2(t)]|i〉. (1)

Here|i〉 and|f 〉 are the initial and final two-electron states, respectively,Ei andEf are the
energies of these states, whileV1(t) andV2(t) denote the two time-dependent projectile–
electron interactions.

The second-order amplitude is obtained to be

a(2) = −
∑
k

∫ +∞

−∞
dt ei(Ef−Ek)t 〈f |V1(t)|k〉

∫ t

−∞
dt ′ ei(Ek−Ei)t ′ 〈k|V2(t

′)|i〉

−
∑
k

∫ +∞

−∞
dt ei(Ef−Ek)t 〈f |V2(t)|k〉

∫ t

−∞
dt ′ ei(Ek−Ei)t ′ 〈k|V1(t

′)|i〉. (2)

Here we have to sum up over the intermediate states|k〉 with energiesEk, the infinite number
of eigenstates of the two-electron unperturbed Hamiltonian.

For the description of the ground and doubly excited states we have used configuration-
interaction (CI) wavefunctions, a linear combination of different two-electron configurations
with the same symmetry

i(r1, r2) =
∑
m

cm φm(r1) φm(r2) (3)

f (r1, r2) =
∑
n

dn φ
′
n(r1) φn(r2). (4)

The values of the coefficientscm for the ground state anddn for the different excited states
have been obtained by a variational method. We have taken into account for the ground
state and the doubly excited states with16+

g symmetry the(1sσg)
2, 2pσ 2

u , (2pπu)
2 and the

2sσ 2
g configurations. The one-electron molecular orbitals are linear combinations of atomic

orbitals. We have obtained for the ground state the following CI wavefunction:

i = 0.9954(1sσg)
2 − 0.0741(2pσu)

2 − 0.0553(2pπu)
2 − 0.0233(2sσg)

2 (5)

and the doubly excited state with the lowest energy, the(2pσ 2
u )

16+
g , is described by

f = −0.0627(1sσg)
2 − 0.8714(2pσu)

2 − 0.4336(2pπu)
2 + 0.2028(2sσg)

2. (6)

In the case of the asymmetric excited state(2pσu2pπu)
15g we have taken into account only

the basic(2pσu2pπu) configuration, so it is a properly symmetrized product of one-electron
wavefunctions

f = 1√
2
(2pσu2pπu + 2pπu2pσu). (7)
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The matrix element from the first-order amplitude (1) can be written in terms of one-electron
wavefunctions using the expressions (3) and (4),

〈i|V1(t) + V2(t)|f 〉 = 2〈i|V1|f 〉
= 2

∑
n,m

d∗ncm〈φ′n(r1)|V1(t)|φm(r1)〉〈φn(r2)|φm(r2)〉

= 2
∑
n

d∗ncn〈φ′n(r1)|V1(t)|φn(r1)〉 (8)

where we have used

〈φn(r2)|φm(r2)〉 = δnm (9)

because the initial and the final states are described by the same orthonormal basis sets.
Theφn one-electron molecular orbitals depend on the direction of theR0 molecular axes.

The linear combination of these orbitals from (8) is expanded into a Legendre series∑
n

cnd
∗
n φ
′∗
n (r1) φn(r1) =

∑
l

Cl(r1)Pl(cosω1) (10)

whereω1 is the angle between vectorsr1 andR0. The expansion coefficients are defined as

Cl(r1) = 1
2(2l + 1)

∫ +1

−1
d(cosω1)Pl(cosω1)

[∑
n

cnd
∗
n φ
′∗
n (r1,R0) φn(r1,R0)

]
. (11)

In order to separate the dependence of the amplitude on the direction of the molecular axes we
express the Legendre polynomials in terms of products of spherical harmonics,

Pl(cosω1) = 4π

2l + 1

∑
m

Ylm(R̂0)Y
∗
lm(r̂1). (12)

In order to calculate the amplitudes, the projectile–electron Coulomb interaction is
expanded into a partial-wave series

V1(t) = 1

|r1−R1| =
∑
lc

4π

2lc + 1

rlc<

r
lc+1
>

∑
mc

Ylcmc (R̂1)Y
∗
lcmc
(r̂1) (13)

whereR1 is the position vector of the projectile. Using expressions (10) and (13) the first-order
amplitude becomes

a(1) = 2(4π)2Zp

v

∑
l

∑
m

Alm(B)Ylm(R̂0) (14)

where we have introduced

Alm(b) =
∫ +∞

−∞
dz exp

(
i
1E

v
Zp

)
Ylm(R̂1)

∫ +∞

0
dr1 r

2
1
rl<

rl+1
>

Cl(r1)

(2l + 1)2
(15)

with b the impact parameter. In order to calculate the second-order amplitude, from the infinite
number of intermediate states we keep only the most important ones. As described in [13],
these are assumed to be those reachable from the initial and the final state by a single-electron
transition. Simplified, in the considered intermediate states, one of the electrons is in its initial
state and the other one has reached the final state. Performing similar expansions as for the
first-order amplitude, (10) and (13), we can express the second-order amplitude (2) as

a(2) = 2(4π)4

v2

∑
l1,l2

∑
m1,m2

Bl1l2m1m2(b)Y
∗
l1m1
(R̂0)Y

∗
l2m2
(R̂0) (16)
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where

Bl1l2m1m2(b) =
∫ +∞

−∞
dz1 exp

(
i
1E1

v
z1

)
Yl1m1(R̂1)

∫ +∞

0
dr1 r

2
1
r
l1
1<

r
l1+1
1>

Dl1(r1)

(2l1 + 1)2

×
∫ z1

−∞
dz2 exp

(
i
1E2

v
z2

)
Yl2m2(R̂2)

∫ +∞

0
dr2 r

2
2
r
l2
2<

r
l2+1
2>

Dl2(r2)

(2l2 + 1)2
. (17)

The coefficientsDl are obtained similarly toCl in the first-order amplitude (11),

Dli (ri) = 1
2(2li + 1)

∫ +1

−1
d(cosωi)Pl(cosωi)

[∑
n

cnd
∗
m φ
′∗
m(ri , R0) φn(ri , R0)

]
. (18)

The cross section is obtained as the integral over the impact parameter of the square of
the modulus of the transition amplitude,

σ(R̂0) =
∫

db |a(1) + a(2)|2. (19)

Using the presented method first we have studied the dependence of the cross sections on
the energy and charge sign of the projectile. In figures 1(a) and (b) we have represented the
cross sections for the double excitation of the hydrogen molecule by proton and antiproton
impact for the(2pσ 2

u )
16+

g and the(2pσu2pπu)
15g states, respectively, as a function of the

projectile energy. Cross sections are calculated for 90◦ orientation of the molecular axes
relative to the beam direction. We have also represented the contributions of the first- and
second-order amplitudes to the cross section.

For the excitation of the(2pσ 2
u )

16+
g state the first-order contribution to the cross section

dominates over the entire energy range. This means that the main cause of the production of
this doubly excited state is electron correlation. As for the(2pσu2pπu)

15g state, the first-order
mechanism is more important than the second-order one only above 1 MeV projectile energy.
As a consequence of the interference between the first- and the second-order amplitudes, cross
sections obtained for antiprotons are higher than those for protons for both states.

In the experiment of Edwardset al [7] the authors have extracted the cross sections for the
double excitation of the hydrogen molecule, but their method did not permit them to distinguish
between contributions from the different doubly excited states. Searching for the best fit of
the theoretically predicted energy distributions of the resulting H+ ions from the dissociating
molecule on the experimental spectrum, the authors have concluded that mainly the(2pσ 2

u )
16+

g

and the(2pσu2pπu)
15g states contribute to the double-excitation cross section. Consequently,

we can assume that the cross sections for the double excitation of H2 given by Edwardset al
represent the sum of the cross sections for these two doubly excited states. In figure 2 we have
represented along with the experimental cross sections of Edwardset al [7] the sum of our
calculated cross sections for the excitation of the(2pσ 2

u )
16+

g and the(2pσu2pπu)
15g states

of the H2 molecule for proton and antiproton impact. Our calculated values are of the same
order of magnitude as the experimental ones, but we have obtained a much smaller difference
between cross sections obtained for positive and negative projectiles.

Figures 3(a)–(d) represent the dependence of the cross sections on the orientation of the
molecular axes relative to the beam direction for protons and antiprotons of different energies.
Full curves represent the results obtained with the expansion (10) up tol = 8, while the broken
curves stand for this expansion taken up tol = 2. In figures 3(a) and (b) we have shown the
angular dependence of the cross sections for the(2pσ 2

u )
16+

g state. One can observe that, if
we stop with the expansion atl = 2, the dependence of the cross sections on the orientation
of the molecular axes is relatively weak. The contributions up tol = 8 are important, mainly
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Figure 1. Cross sections for the double excitation of the hydrogen molecule by proton (dotted
curve) and antiproton (full curve) impact for the (a) (2pσ 2

u )
16+

g and (b) (2pσu2pπu)
15g states,

respectively, as a function of the projectile energy. We have also represented the contributions of
the first-order (short-broken curve) and second-order (long-broken curve) amplitudes to the cross
section.
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Figure 2. The sum of our calculated cross sections for the excitation of the(2pσ 2
u )

16+
g and the

(2pσu2pπu)
15g states of the H2 molecule for proton (broken curve) and antiproton (full curve)

impact. Our theoretical data are compared with the experimental results of Edwardset al [7].
Squares denote proton impact, while circles denote equivelocity electron impact.

regarding the angular dependence. This importance of thel > 2 contributions is even more
accentuated for the(2pσu2pπu)

15g state, as shown in figures 3(c) and (d). For both states
and both types of projectiles the cross sections have a maximum at around 60◦ between the
molecular axes and the beam direction.

In figure 4 we have compared the angular dependence of the sum of the cross sections
for the two doubly excited states considered with the experimental data of Edwardset al [8].
In the case of the proton projectiles our results are much higher than the experimental data.
The angular dependence is also different, the experimental data have a maximum at 90◦. The
situation is much better for antiproton projectiles in comparison with the experimental data
obtained with equivelocity electrons. Here the order of magnitude of the cross sections obtained
is the same. The angular dependence for lower projectile energies (750 and 1000 keV u−1) is
different, the experimental data show an increase up to 90◦, while we have obtained a maximum
at 60◦. At 2000 keV u−1 projectile energy the experimental data also show a maximum at 70◦.

In conclusion, we have calculated for the first time cross sections for the double excitation
of helium by proton and antiproton impact. The calculation includes static electron correlation
in the initial and final states, and applies a perturbation expansion through second order. We
do obtain higher cross sections for the negative projectile, in accordance with the experimental
findings. However, there is not an accurate agreement between our results and the experimental
data, neither for the absolute value of the cross sections nor for the angular dependence. The
agreement is better in the case of the negative projectiles, probably because in this case dynamic
correlation is less important. This is supported in the paper by Bronket al [14] by the argument
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Figure 3. The dependence of the cross sections on the orientation of the molecular axes relative
to the beam direction for protons and antiprotons of different energies. Full curves represent the
results obtained with the expansion (10) up tol = 8, while the broken curves denote this expansion
taken up tol = 2. Parts (a) and (b) contain the angular dependence of the cross sections for the
(2pσ 2

u )
16+

g state, while (c) and (d) are for the(2pσu2pπu)
15g state, respectively.
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Figure 3. Continued.
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Figure 4. Angular dependence of the sum of the cross sections for the two doubly excited states
considered,(2pσ 2

u )
16+

g and (2pσu2pπu)
15g, compared with the experimental data of Edwards

et al [8].



L36 Letter to the Editor

that the collision system is more pliable for negative projectiles. Disagreement may be caused
by the imperfections of our model (the neglect of the TS1 process, the dynamic electron
correlation) and by the inaccuracies in the experimental data.
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