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Abstract

Photoionization cross sections for the hydrogen molecule have been calculated, emphasizing the interference effe
the two-center character of the target. In order to easily identify the main features of the interference, a simplified de
of the final state has been adopted. Because of the approximate description of electron states, results are gauge-
Interference pattern, identified in the in the experimental data, is well reproduced by our length form results.
 2004 Elsevier B.V. All rights reserved.
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1. Introduction

The wave properties of the electrons make poss
the arise of interference effects. The two nuclei o
diatomic molecule are analogous to the two slits fr
the classical Young experiment for light. The possib
ity of the interference effects in the ejected electro
spectra due to the two-center character of a mo
ular target have been predicted for the first time
Cohen and Fano[1] for the photoionization. The phe
nomenon have been analyzed in more detail by Wa
and Briggs[2], including photo-double ionization. I
the last two years much interest have been give
the interference effectsobserved in the ejected ele

* Corresponding author.
E-mail address:lnagy@phys.ubbcluj.ro (L. Nagy).
0375-9601/$ – see front matter 2004 Elsevier B.V. All rights reserved
doi:10.1016/j.physleta.2004.06.001
tron spectra in case of the ionization of the hyd
gen molecule by fast charged projectiles. It has b
observed experimentally by Stolterfoht and cowork
[3,4] that the cross section ratios obtained for the
drogen molecule and hydrogen atom shows an o
latory pattern. These interference patterns have b
investigated theoretically by several groups[5–9].

Although there are much experimental data[10–13]
and theoretical descriptions[14–19]for the photoion-
ization of the hydrogen molecule, except for Coh
and Fano[1] and Walter and Briggs[2], the inter-
ference effects due to the two-center character of
molecule were not analyzed.

The photoionization process may be treated
different gauges (using length, velocity or accelerat
form of the dipole operator). If the wavefunctions
the initial and the final states are exact (as it can
done easily for the H atom), results are gauge-in
.

http://www.elsevier.com/locate/pla


482 L. Nagy et al. / Physics Letters A 327 (2004) 481–489

ore
ibed
the

rate

he

ow
s
ular
ess
lae,
ves
not

ons,
nce
sing
r.

r a

e

ed
rix

en

ex-
p-

ges
s
nc-

xi-
ton

he
na-
pendent. However, for atoms and molecules with m
electrons, the electronic states cannot be descr
exactly, and usually the obtained results depend on
gauge. This is the case also for the relatively elabo
calculations done for the helium[20] or hydrogen
molecule[16]. However, some approximations, as t
random phase approximation (RPA)[16,19]may lead
to gauge-independent results.

Our aim in the present letter is to investigate h
the two-center characterof the molecule influence
the photoionization cross section and the ang
distribution of the ejected electron. In order to expr
the interference patterns by simple analytic formu
we have described the ejected electron by plane wa
This may seem a too simplistic approach, and does
produce reliable values for the absolute cross secti
but makes possible to emphasize the interfere
effects. We analyze the character of the results u
both velocity and length forms of the dipole operato

2. Theory

The differential photoionization cross section fo
linearly polarized radiation may be expressed as

(1)σ = 4πα

ω

∣∣Mf i(ω)
∣∣2,

whereα is the fine-structure constant,ω the photon
angular frequency andMf i(ω) the transition matrix
element. The matrix element is given by

(2)Mf i(ω) = k1/2〈Ψf |eiKrε∇r |Ψi〉
with Ψi andΨf the initial and final states of the activ
electron, respectively.K is the wave vector andε
the polarization vector of the photon, whilek is the
wave vector of the ejected electron. The factork1/2

occurs if the continuum wavefunction is normaliz
to momentum. In dipole approximation the mat
element may be written as

(3)Mf i(ω) = k1/2〈Ψf |ε∇r |Ψi〉
in velocity form, while in length form we have

(4)Mf i(ω) = −k1/2ω〈Ψf |εr|Ψi〉.
Applying the above formulae for the hydrog

atom (or a hydrogen-like ion with nuclear chargeρ)
.

with

(5)Ψi(r) =
√

ρ3

π
e−ρr

and approximating the final state by plane waves

(6)Ψf (k, r) = 1

(2π)3/2eikr,

one obtains in velocity form

(7)σV = 32α

ω

ρ5k

(ρ2 + k2)4 (εk)2,

while in the length form we get

(8)σL = 512αω
ρ5k

(ρ2 + k2)6 (εk)2.

Taking into account that for a one-electron atom

(9)ω = k2

2
+ ρ2

2
,

one observes that in length form the cross section is
actly 4 times larger than in velocity form. The asym
totic behavior for high photon energies in both gau
is the correctσ ∝ ω−7/2. Comparing these finding
to the exact result obtained with Coulomb wavefu
tions, which is gauge-independent (see, e.g.,[21])

(10)σ = 64πα

ω

ρ6e−4η arccotη

(1− e−2πη)(ρ2 + k2)4 (εk)2,

(with η = ρ/k) we may state, the plane-wave appro
mation leads to the correct result only for high pho
energies and in velocity form (seeFig. 1).

For the hydrogen molecule the initial state of t
active electron is approximated by a linear combi
tion of two atomic orbitals

(11)Ψi = 1√
2(1+ S)

[
Ψ0(ra) + Ψ0(rb)

]
.

HereΨ0(ra,b) are the atomic 1s orbitals given by (5)
centered to the nucleia or b, while S is the overlap
integral between these two orbitals.

Using plane waves for the final state the (3) matrix
element in velocity form may be written as

Mf i(ω) = k1/2ε

(2π)3/2
√

2(1+ S)

(12)×
∫

dr eikr∇r

[
Ψ0(r1) + Ψ0(r2)

]
,
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oulomb
Fig. 1. Total photoionization cross section forthe hydrogen atom as a function of the ejected electron energy. The exact results (using C
waves) are compared to the cross sections obtained with a plane-wave approximation for the continuum electron in two different gauges.
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and after performing the calculations one obtains

(13)Mf i(ω) = − 4ρ5/2

π
√

1+ S

(εk)k1/2 cos(kD/2)

(ρ2 + k2)2
.

Using (1), the cross section for a fixed orientation
the molecular axis may be written

(14)σV (D̂) = 128ρ5α

ωπ(1+ S)

(εk)2k cos2(kD/2)

(ρ2 + k2)4 ,

where a factor of 2 occurs because of the two electr
of the molecule. This result was given first by Coh
and Fano[1] and then recalculated by Walter a
Briggs [2]. The cos(kD/2) factor is responsible fo
the interference effects for a fixed orientation of t
molecular axis. Because in most experiments
orientation of the molecule is not detected, in or
to compare the results with experimental data, one
to average the cross section over the angles

(15)σV = 1

4π

∫
dD̂σ(D̂).

The calculations can be done analytically to obtain

(16)σV = 64ρ5α

ω(1+ S)

cos2 θεk
3

(ρ2 + k2)4

[
1+ sin(kD)

kD

]

with cosθε = εk̂.
If one applies for the calculations the matrix e
ment written in length form (4), the results will be dif-
ferent. Introducing the notationrf i = 〈Ψf |r|Ψi〉 we
have

(17)rf i = 1

(2π)3/2

∫
dr eikrrΨi.

Usingre−ikr = i∇ke
−ikr we obtain

(18)rf i = i∇k

(2π)3/2

∫
dr e−ikrΨi = i∇kΨ̃i(D,k),

where Ψ̃i(D,k) is the initial state in momentum
representation. This may be expressed in terms o
atomic wavefunction

(19)Ψ̃i(D,k) = 2 cos(kD/2)√
2(1+ S)

Ψ̃0(k),

where

Ψ̃0(k) = 1

(2π)3/2

∫
dr e−ikrN(ρ)e−ρr

(20)= 4N(ρ)ρ√
2π(ρ2 + k2)2

with N(ρ) = √
ρ3/π a normalization factor.
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Using the above result, for the (4) matrix element
we obtain

Mf i(ω) = ωε
8iρN(ρ)k1/2

√
4π(1+ s)

∇k
cos(kD/2)

(ρ2 + k2)2

= 8iωρN(ρ)k1/2

√
4π(1+ S)

(21)×
[

sin(kD/2)εD
2(ρ2 + k2)2 + 4 cos(kD/2)εk

(ρ2 + k2)3

]
.

Inserting the matrix element (21) to (1) and multiply-
ing by 2 because of the two electrons, we obtain
cross section for a fixed position of the molecular a

σL(D̂) = 128αωρ5k

π(1+ S)

(22)×
[

sin(kD/2)εD
2(ρ2 + k2)2

+ 4 cos(kD/2)εk
(ρ2 + k2)3

]2

.

Comparing this result in length form to that obtain
in velocity form (14) one may observe, that not on
the magnitude of the cross section is different, but a
its dependence on the orientation of the molecular
and on the electron ejection angle.

Averaging the cross section over all possible ori
tations of the molecular axis, after the analytical in
gration over the angles, we get

σL = 1024ωρ5α

(1+ S)(ρ2 + k2)6
k3 cos2 θε

[
1+ sin(kD)

kD

]

+ 16ωρ5αk

(1+ S)(ρ2 + k2)4

[
D2

3
− D

k
cos2 θε sin(kD)

+ 1

k2

(
1− 3 cos2 θε

)(
cos(kD) − sin(kD)

kD

)]

+ 256ωρ5αk

(1+ S)(ρ2 + k2)5
cos2 θε

(23)×
[

sin(kD)

kD
− cos(kD)

]
.

Beside the difference in magnitude between the
pression above obtained in length form and the (16)
expression obtained in velocity form observed a
for atoms, in case of the molecules the angular
pendence, too is obtained to be different in the t
gauges. While in velocity form for molecules on
obtains the same cos2 θε angular dependence as f
atoms, in length form weobtain a more complicate
dependence, and there is electron ejection even
θε = 90◦.
3. Results and discussion

The polar graphs onFigs. 2–4show differential
cross sections for the photoionization of the hydro
molecule for various photon energies and fixed ori
tation of the molecular axis, normalized to the ma
imum value. Our results using the velocity form (14)
and the length form (22) are represented along the ra
dom phase approximation (RPA) results of Seme
and Cherepkov[19], and the few available experime
tal data[22]. In Fig. 2 is represented the cross secti
for the molecular axis parallel to the polarization ve
tor. At low photon energies all the results are in go
agreement with each other, length and velocity forms
lead to the same angular distribution. This distribut
is a typical dipole one, governed by cos2 θε , because
for low energies inEq. (14)the cos2(kD/2) is close
to 1, and in (22) the term with sin(kD/2) is negligi-
ble. Discrepancy begins to occur at higher energ
At 54.4 eV the differences between the three mod
become visible, and at 84.2 eV are already essen
At this energy the probability of ejecting an electron
0 degrees relative to the polarization vector (and to
molecular axis) in velocity form becomes very sma
because cos(kD/2) is close to 0 (being exactly 0 a
82 eV). The shape of the polar graph in length form
somehow different, because it does not reduces to
at 0 degrees, but disagreement with the RPA resul
Semenov and Cherepkov[19] is total—their differen-
tial cross section has a maximum value at 0 degree

Our results for the molecular axis at 45◦ relative to
the polarization vector are represented onFig. 3. It is
worth to notice the main difference between the res
in the two gauges—while the cross section is veloc
form is always zero at a perpendicular direction to
polarization vector, in length form this is not the ca
mainly for high energies. In this sense, present len
form results (using plane waves) are similar to t
obtained by Walter and Briggs[2] using continuum
waves distorted by Coulomb functions (2C). Howev
the details of the angular distributions are different

If the molecular axis is perpendicular to the pol
ization vector, nothing interesting happens, our res
for the angular distribution in the different gauges a
those of Semenov and Cherepkov[19] are in perfect
agreement (Fig. 4).

However, in most experiments the orientation
the molecule is not detected, and worth to investig
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gth
Fig. 2. Polar representation of the differential photoionization cross section of the H2 for the molecular axis parallel to the polarization vect
for different photon energies. Cross sections are normalized to the maximum value. Solid lines—velocity form results, dashed line—len
form results, full circles—RPA results of Semenov and Cherepkov[19], open circles—experimental data[22].
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the angular behavior of the averaged photoioniza
differential cross section relative to the orientati
of the molecular axis. Results in velocity and leng
forms, based on formulae (16) and (23), respectively,
are plotted onFig. 5 for two photon energies. At low
energies the differences obtained in the two gau
are negligible, while at high energies the alrea
mentioned difference becomes visible—in length fo
there is possible the electron ejection perpendicular t
the polarization vector, while in velocity form it is no
Here again we can state, that length form results u
plane waves are similar to the 2C results of Walter
Briggs[2].
The differences between the results obtained
the two different gauges may be expressed us
the β asymmetry parameter. In velocity form theβ
parameter is constantly 2, as for the hydrogen at
but in the length form its value is lower and decrea
with increasing photon energy. OnFig. 6 we have
represented the asymmetry parameter in both ga
along with the RPA results of Cacelli et al.[16] and
the experimental data[23,24]. The obtained values i
length form are closer to the experimental data and
RPA results, that our velocity form values.

Finally, in order to emphasize the interference
fects in the photoionization due to the two-center ch
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Fig. 3. Same asFig. 2, but for 45◦ between the molecular axis and the polarization vector.
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acter of the molecule, we have plotted onFig. 7 the
cross section ratioσ(H2)/2σ(H). This method, used
first by Stolterfoht et al.[3] for the ionization by ion
impact gives the possibility to observe oscillations
the molecular cross sections, i.e., maxima and min
due to the interference. Our theoretical ratios are r
resented along the experimental photoionization c
section of the H2 of Samson and Haddad[13] di-
vided by the double of the theoretical total cross s
tion of the H atom calculated from formula (10), us-
ing the same ionization potential for the atom as
the molecule. Theoretical ratios are calculated us
plane waves for the ejected electron in velocity a
length forms. As may be observed from (16), in ve-
locity form the differential cross section has the sa
angular distribution as for atoms, and the ratio does
depend on the electron ejection angle. This is not
case for the length form (23), and the cross section ra
tio depends on the ejection angle. This ratio increa
for higher velocities and angles close to 90◦, where the
cross section for atoms tends to 0.

In their RPA calculation, Semenov and Cherepk
[19] have found in thepσ component of the cros
section a minimum at around 80 eV photon ener
which they call ‘Cooper-like’. They state, that th
minimum is related to the non-spherical shape of
molecular potential. This is certainly true, but we c
add, that this minimum is caused by the interfere
of the electron waves emitted by the too centers
the molecule. If the electron is ejected parallel
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Fig. 4. Same asFig. 2, but for 90◦ between the molecular axis and the polarization vector.

Fig. 5. Same asFig. 2, but averaged over the orientation of the molecular axis.
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the molecular axis (k ‖ D), the expression cos(kD/2)

from (14) is exactly zero for 82 eV photon energ
(corresponding to 2.21 a.u. electron velocity), lead
to a zero differential cross section for this ejecti
angle. In length form the differential cross secti
does not reach zero, but the minimum still exis
If one integrates over all possible orientations of
molecular axis, instead of the pronounced minim
observed for electrons ejectedparallel to the molecula
axis, one observes a broad minimum shifted to hig
energies (seeFig. 7). The minimum is obtained a
higher electron velocities in length form than in velo
ity form. The cross section ratios obtained in len
form fits very well the experimental ratios.

4. Conclusions

Interference effects caused by the two-center c
acter of the target in the photoionization of the hyd
gen molecule have been studied. In order to exp
the factors in the cross section due to the inter
ence in closed analytic form, we have approxima
the final state of the ejected electron by plane wa
In these conditions the calculations performed in d
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ented
d

Fig. 6. Theβ asymmetry parameter for the photoionization of the H2 as a function of the photon energy.

Fig. 7. Photoionization cross section ratiosσ(H2)/2σ(H) as a function of the ejected electron velocity. In length form the ratios are repres
for different electron ejection angle, and also for total ionization cross sections (or averaged over the angles). Experimental points are obtaine
by dividing the H2 data of Samson and Haddad[13] by the double of the theoretical atomic total cross section obtained from (10).
lute
s of

d in
u-
nd
ferent gauges lead to different results for the abso
value of the cross section and angular distribution
the ejected electron. For theabsolute value, velocity
form lead to better results (cross sections obtaine
length form are too high), but for the angular distrib
tion length form seems to give more interesting a
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reliable results. When averaged over the orienta
of the molecular axis, velocity form calculations gi
the same cos2 θε angular distribution as for atoms[2],
while in length form calculations lead to more comp
cated angular distributions. In the latter case ther
possible the ejection of the electron even perpend
lar to the polarization vector, as in case of the use
more evaluated wavefunctions[2].

As previously for ion impact[5], we have studied
the ratio of the differential ionization cross sectio
for the H2 molecule and the H atom as a function
the ejected electron velocity. Maxima and minima are
obtained as a clear evidence for the interference
fects. These oscillations in velocity form does not d
pend on the ejection angle as have been observe
ion impact. However, in length form an angular d
pendence of the ratio have been observed, becau
the different angular distribution of the photoelectr
for the atom and the molecule. When integrated o
the angles, our predictions obtained in length form
these oscillations are in good agreement with the
periment.
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